This note gives a necessary and sufficient condition that a compressible, isotropic elastic material should admit non-trivial states of finite anti-plane shear.
Consider a homogeneous, isotropic elastic body which in its unstressed, undeformed state occupies a cylindrical region ~ whose generators are parallel to the .xs-axis of a rectangular cartesian coordinate system. A deformation in which a particle with coordinatest x( in the undeformed state has coordinates Yi = y,(x 1 The fundamental invariants of G are defined by
for the anti-plane shear (1) they take the form
The stress-deformation relation for a compressible, homogeneous, isotropic elastic material is given in terms of the strain energy W = W(J 1 , 1 2 , 1:J per unit undeformed volume which is characteristic of the particular material considered. If a represents the matrix of components of nominal-or Piola-stress (force per unit undeformed area), one has for any deformation (see equations (43A.3), (47.8), and (86.9) of [7D:
where (FT)-1 is the inverse of yr. so that when / 3 = 1, (7) may be written in the form 
;).
In the latter case, however, p is an arbitrary hydrostatic pressure and is not related a priori to the deformation, whereas at present p is linked to u through (9), (6).
When (2), (3) and (6) are substituted into (10), the resulting components of nominal stress are
In these formulas pis given by (9), (6) , and 1 1 , 1 2 , which occur as the arguments of W 0 , are expressed in terms of u through (6).
The true (or Cauchy) stress matrix Tis related to a and F through (see equation (43A.3) of [7] ) expressions for the -r,/s in terms of u may be found from this relation and (2), (6) and (11)-(14).
Since body forces are absent, the differential equations of equilibrium are
J. K . Knowles [4] When (11)-{14) are substituted into (15) and account is taken of the fact that all quantities are independent of x 3 , there follows
where the abbreviation aw. aw.
has been introduced. In view of the fact that q is expressed in terms of u through (18), (9) and (6), the system (16), (17) actually consists of three differential equations for the single unknown function u. Without some restriction on W, one would thus expect that only very special solutionst of (17) would also satisfy ( 16). In order to assure that all solutions of the axial equilibrium equation (17) PROOF. To establish the necessity of (20), (21), suppose first that, for any domain !!), every solution u of (17) also satisfies (16), with q given in terms of u by (18), (9) and (6) . The system (16), (17)-with the relation between q and u deleted-is identical with the system which arises in the incompressible case and which was treated in detail in [6] . t In particular it was shown in [6] t that if, for every!!), there corresponds to each solution u of (17) some function q such that (16) 
where (24) From (18), (9) and (6) it follows that q is a function of R 2 only: q = q(R 2 ). Thus
t See (3.1)--{3.4) of [6] . For present purposes only that special case of the results in [6] is needed for which axial prestretch is absent. Thus one is to set,\ = 1 in (3.1), (3.2) of [6] . :j: See (3.22), (3.23) of [6] with,\ = 1. Essential use is made of the assumption (19). (6) where the prime indicates differentiation with respect to R 2 • Combining (23) and (25) shows that (16) can be written in the form (q' + ~~)2RR,a = 0 on 2).
(26)
Now by assumption, (16) and therefore (26) are satisfied whenever u is a solution of (17). Since it is possible to construct a solution of (17) for which, at a given point of 2), R =I Vu! takes an arbitrarily prescribed positive value while V R # 0, one concludes from (26) that (27) When q'(R 2 ) is expressed in terms of derivatives of W with respect to the invariants by differentiating (18) with respect to R 2 and making use of(9) and (6), one obtains (21) from (27) immediately. Thus (20) and (21) are indeed necessary.
To show that they are also sufficient, one merely observes that, if u is a solution of (17) for an arbitrary domain 2) , and if (20) holds, then a review of the above argument shows that (27) implies (16). Since (21) in turn implies (27), (16) is also satisfied, and the proof is complete.
The necessary and sufficient condition of the theorem imposes two restrictions on the strain energy density W. In contrast, the corresponding result in [6] for incompressible materials consists of only one requirement which, in fact, is formally identical with (20).
It is possible to show that (20), (21) fail to hold for the strain energy density proposed by Blatz and Ko [2] in connection with experiments on a highly compressible foam rubber, t and that, apart from degenerate special cases, they fail as 
